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Abstract 
Cheng, C.C., DCC categories of cohomological dimension one. Journal of Pure and Applied 
Algebra X0 (1992) 107-l 16. 
A characterization of dcc categories of cohomological dimension one is given from which a 
characterization of dcc posets of cohomological dimension one is deduced. 
Let R be a ring with identity and let C be a small category. We shall denote the 
category of left R-modules by J!J! and the category of functors D : C+ J1z by J.!Z~. 
The R-cohornological dimension of C can be defined by 
cd& = pd AR, 
where AR is the constant R-valued functor in A”, and where pd denotes 
projective dimension. It is easy to see that this is the usual R-cohomological 
dimension of a group when C is a group. 
A description of all small categories C with cd,C = 0 is given in [l]. The 
problem of characterizing all small categories C with cd,C = 1 is difficult al- 
though, when C is a group and R = Z, Stallings [7] and Swan [S] have shown that 
cd,C I 1 is equivalent to C being a free group. When C is a dcc poset, it is shown 
in [2] that cd,C 5 1 is equivalent to C not containing n-crowns as retracts. In this 
paper, a description of all dcc categories with R-cohomological dimension one is 
given which reduces to the above description for dcc posets. 
A category is dcc if for every sequence {a,} of morphisms in C with dom a, = 
cod a;, , for all i, there exists k such that a, = 1 for all i > k. It is easy to see that 
every dcc category is a delta (i.e. a small skeletal category whose only endo- 
morphisms are the identities). 
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A l-crown C, is a diagram of the form 
Y ! z X 
where xy = xz and y # z. (Here and elsewhere all arrows point downward.) An 
n-crown C,, , n 2 2, is a commutative diagram of the form 
(1) 
Let C be a small category. Then a l-crown C, in C is supported in C if there exists 
an n-crown in C of form (1) with y = x,y, , z = x,,y,, , where all xi f 1. An n-crown 
C,, in C 
in C of 




such that for every i with 1~ i 5 p there exists j f k and a commutative diagram 
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If C,, is supported in C between y, and zL for all k, then C,, is supported in C. We 
shall prove the following. 
Theorem. Suppose C is a dcc category and R is a ring with identity. Then cd,C 5 1 
if and only if every n-crown contained in C, n 2 1, is supported in C. 
For each object p of C, the evaluation functor T,, : .A!’ + .dl has a left adjoint 
S . Al - M’, where II . 
S,,(A)(q) = @ A 
c ( P .4 1 
and if x E C( q, q’), then 
where u, : A+ 03 c(r,,y,J A is the xth injection. 
Consider the exact sequence 
O-N+ F’- AR-+0 
in A! ’ where the middle term is the direct sum of S,,(R) indexed by objects p in 
C, and where F is induced by the identities. Since the left adjoints S,, preserve 
projectives, F is projective, so cd,C 5 1 if and only if N is projective. The proof 
of the theorem depends on the following characterization of projectives in A!‘. 
Proposition 1 (Wong [9]). Suppose C is a dcc category. Then a functor N : C+ JU 
is of the form 
$w,J (3) 
if and only if the following hold: 
(I) For each p, Z,,(N) is a retract of N( p), where I,(N) = c Im N(x) with sum 
indexed by all nonidentity morphisms x with codomain p. 
(II) For each x E C( p, q), there exists an R-homomorphism fl, making the 
diagram 
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commutative, where 7~ denotes natural projection. 





is an equality where the first sum is indexed by all morphisms y that factor through 
x, and some x,, if 1. 0 
Using the fact that a retract of an object of form (3) also satisfies (I)-(III), one 
deduces the following. 
Corollary 2 (Wong [9]). Suppose C is a dcc category. Then a functor N : C+ A is 
projective if and only if it is of form (3) where each A,, is projective. 0 
Remarks. (1) Corollary 2 was proved by Mitchell [6] for C an initially finite delta, 
and Proposition 1 generalizes Lemma 2 of [2]. 
(2) It is not known whether the dcc assumption is necessary in Corollary 2. 
However, if R is a field or if C is a poset, the dcc assumption may be dropped (see 
[6, p. 891 and [5]). 
Since F(p) is the free R-module generated by morphisms with codomain p, 
N(p) consists of elements of form c u,,u, where the sum is indexed by morphisms 
IL with codomain p, a,, E R and c a,, = 0. We shall construct a basis for N(p). 
Suppose u,u are morphisms with the same codomain p. Then a path from u to u in 
C is a commutative diagram of the form 
such that u = x,y,, u = x,,,z,,, , m 2 1 and x, # 1 for all i. 
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For each p, define an equivalence relation on {u ) cod u = p, u # l} by 
u- ,, u e u = u or there is a path from u to u in C 
Let K,, denote the set of equivalence classes of -,,. For each k E K,,, choose a 
representative uk E k. Then B,, = BI, U Bz is a basis for N(p), where 
B; = {u - uk / u E k, u # uk, k E K,]} , 
and 
B; = {uk - 11 k E K,]} 
For N(p) is generated by the set of u - 1, where cod u = p since c a,,~ = 
c a,,(~ - 1) as c a,, = 0. But u - 1 = (U - Us) + (uk - 1) where u E k, and so B,, 
generates N(p). It is easy to check that B, forms a basis. 
Proposition 3. N satisfies (I). 
Proof. It is sufficient to prove that Bi, generates Z,(N). Suppose u - uh E B,‘,. 
Then there is a path from u to uk, say (5), where u = x,y, and Us = x,,,z,,, So 
u-q=(x,y,- x,z,> +c%Y2 - v?) + . . . + (X,,,Y,,, - x,,,z,,,) 
and is an element of c y=, Im N(x,). On the other hand, if cod x = p with x # 1, 
then an element of Im N(x) is of the form c a+~, where c a, = 0 and the sum is 
indexed by z with cod z = dom x. Since xz -,, x, there exists k E K,, such that 
xz E k for all z and so c azxz = c a,(xz - uk). 0 
Proposition 4. N satisfies (II) if and only if every l-crown contained in C is 
supported in C. 
Proof. We may assume that x # 1 in (II) since otherwise one may take 0, = r. 
Thus (II) is equivalent to the existence of an R-homomorphism 0, : N(q)+ 
N(p) /Z,,(N), for each x E C( p, q), x # 1, satisfying 
(IV) 
(V) 
8,N(x)(u - uk) = 0 for u E k E K,, , 
OxN(x)(uk - 1) = uk - 1 for k E K, . 
Note that if cod u = p, then xu -,x. Hence if such 8, exists, then 
O,(xu - XUk) = O,(xu - x) - e,(xu, - x) 
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and so (IV) is equivalent to 
(IV’) &(xu-x)=&(xu,-XX) foruEkEK,,. 
Also (V) is equivalent to 
W’> 13,(xu~ - x) = uk - 1 for k E K,, . 
Let D, = {XU - x 1 cod u = p, u f l}. Then D, is a subset of a basis B, of N( 4). 
Therefore, (II) is equivalent to the existence of a function 0, : D, + N(p) /I,>(N), 
for each x E C( p, q), x # 1, satisfying (IV’) and (V’). The existence of such a 0, 
implies that if xy=xz, yEk,, zEk,, then u,,-1=8,(xu, -x)=0,(xy-x)= 
0,(xz - x) = 8,(xuk1 - x) = ux, - 1. Hence ~1~ = uk,, i.e. k, L k2. Hence (II) im- 
plies 
WI) if xy = xz, x,y,z are nonidentities, then y -,, z 
On the other hand, one can define 0\- : D,+ N( p)/Z,)(N) by 0,(xu - x) = uk - 1 
where u E k. Then (IV’) and (V’) are satisfied and (VI) guarantees that 0, is well 
defined. The proposition follows since (VI) is equivalent to the statement that 
every l-crown contained in C is supported in C. 0 
Suppose M is a free R-module with basis {b,, bZ, . . . , b,}. Then every element 
(Y of M is of form c r,b,, where r, E R. If r, #O, then 6, is said to be a term of (Y 
with coefficient r,. We shall denote the number of terms of a by #Terms(a). A 
subsum of (Y is an element of M all of whose terms are terms of a. Define an 
R-epimorphism E : M + R by E( c r,b,) = c r, and denote its kernel by K. 
Lemma 5. Suppose c yEI (Y; = 0, where 0 f CY, E K for all i. Then there exists a 
subsum p, for each CY,, not all zero, such that c p, = 0. Moreover, after rearranging 
subscripts, there exists an integer m, 2 5 m 5 n, such that 
b, - b,,, (subscripts mod m) , 1~ i I m , 
i>m. (6) 
Proof. Since (Y, # 0, it contains a term, say b2. Since F is free, b, is a term of IX, 
for some j # 1. say, j = 2. Since (Y? E K and (Y, # 0, it contains a term distinct from 
b,, say 6,. Similarly, 6, is a term of some a,, j f2. Assume j>2. Then 6, is a 
term of c+ after rearranging subscripts. Repeat the above process until it stops, 
say, at the sth stage. Then (Y, contains terms b, and b,, , , where b,, , is also a term 
of~,forsomet<s.Letp,=b,~+,-b,+,,p,=b,-b,+,ift<i~sandotherwise. 
Then c p, = 0 and, after rearranging subscripts, the result follows. 0 
DCC categories of cohomalogical dimension one 113 
Proposition 6. N satisfies (III) if and only if every n-crown, n 2 2, contained in C 
is supported in C. 
Proof. (3) Suppose N satisfies (III) and suppose C contains an n-crown C,, , 
n 2 2. It is enough to show that C,, is supported between y, and z, . Since 
(~1 = N(x,)(z, -Y,) 
= WAY, - ~2) + N(x~(Y~ - ~3) +. . . + N~,,)(Y,, ~ z,,> 
is an element of the right-hand side of (4), it is also an element of the left-hand 
side. So there exists nonzero LY, E Im N(u,), 2 5 i 5 k, for some k 2 1 such that 
-a, = c;=2 a,, where each U, factors through X, and some x,, j # 1. Choose 
az,. . . , a,, such that ci #Terms(q) is a minimum. By Lemma 5, there exists m 
and subsum /3, of a,, not all zero, such that (6) is satisfied. Thus /3, E Im N(u,) for 
2 5 i 5 k. Let j be smallest such that p, # 0 and let b be the term of p, with 
coefficient 1. If a is the coefficient of b in CY,, then c, (q - ap,) = 0 and if j > 1. 
then 
c #Terms(a, - ap,) < c #Terms(q) , 
and -(Y, = cF=, (q - a/3;) contradicting the minimality assumption. Therefore, 
j = 1, i.e. p, # 0. Since (Y, has exactly two terms, cy, = ap,. Without loss of 
generality, assume a = 1. After rearranging subscripts larger than one and using 
the fact that pi = b, - b,,, E Im N(u,), we obtain 
P, = XlZI - XIYI 9 
and 
pi = u,si - u;t, ) 25iSrn. 
Therefore, x,z, = u,,lt,n, x,y, = uzsz and u,t, = u,+,s,+, for 2 < i < m. Since each 
ui factors through X, , u, = uix, for some ui. Therefore, there exists a diagram of 
form (2) and so C,, is supported in C between y, and z, . 
(c) Suppose N does not satisfy (III). Then there exists a nonzero element (Y, 
of the right-hand side but not the left-hand side of (4). Therefore, -(Y, = cy=‘, cr, 
for some (Y, E Im N(x,), and so c (Y; = 0. Assume c, #Terms(a;) is a minimum. 
By Lemma 5, there exists a subsum j3, of each (Y, such that c p, = 0, p, not all 
zero. Choosing a E R as before, one obtains c ((Y, - ap,) = 0 and the same 
argument before shows that /3, #O. Since cy, is not in the left-hand side of (4), 
either (Y, - a& or a/3, is not. The former contradicts the minimality assumption 
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unless LY, - up, = 0, and so up,, therefore p,, is not in the left-hand side. Using 
the fact that 6, = b, - b,, , E Im N(x,), one obtains 
P, = X,Y, - x,z, 3 
where x,z, = x,_ ,y,+, for 1 I i 5 m with subscripts modulo m. Hence C contains 
an m-crown C,,,, m 2 2. Since p, is not in the left-hand side of (4), C,,, is not 
supported in C between y, and 2,. For otherwise there exists diagram (2) in C 
with k=l. Let u,=u,x,, for 15&p. Then 
PI = XIYI - XlZl 
= (UISI - u,t,> + (w7 _ _ - Uzfd + . . . + (“,,S,, - U,,f,,) 
= NUI)(SI ~ t, > + N(UZ)(SZ - L) + . . . + N(u,,)(s,, - tJ 3 
and therefore is in the left-hand side of (4). q 
Now the theorem follows from Propositions 1, 3, 4, and 6. 0 
A small category is left cancellative if xy = xz implies y = z. Posets are left 
cancellative. Since a left cancellative small category cannot contain a l-crown, we 
deduce the following from the theorem. 
Corollary 7. Suppose C is a dcc left cuncellative cutegory. Then cd,C 5 1 if and 
only if every n-crown, n 2 2, contained in C is supported in C. 0 
We shall now derive the main result of [2] from the theorem. First, we need the 
following lemma. 
Lemma 8. Suppose C is a small category that contains an m-crown, m 2 2, not 
supported in C. Then C contains an n-crown, n 2 2, not supported in C of form (1) 
satisfying the following: 
(a) If n = 2, then there are no morphisms a,,az,b,,b, in C such that y, = a,b,, 
y, = a,&, z, = a,b, and z, = u,b,. 
(b) If n = 3, then there are no morphisms cl;, 1 5 i 5 3, in C such that x;u, = xjuj 
for all i, j. 
(c) If n > 3, then there are no morphisms u,,u, in C, 1 <j - i < n - 1, such that 
x,u, = xjuj. 
Proof. Assume C contains an n-crown C,,, n 2 2, not supported in C such that n 
is a minimum. For convenience we denote C,, by 
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(a) is clearly true. Suppose (b) is false. Then, using the minimality of n, the 
2-crowns below are supported in C, 
K, = (x,,x,; ~1.2,; Y,, q> 1 K2 = (x,,q; u,, y,; z,, u2) 
Therefore, C, is supported between y, and z,, since K, is supported between y, 
and u, , and Kz is supported between u, and z, . After rearranging subscripts, the 
above also shows that C, is supported between y, and zk for k = 2,3. Suppose (c) 
is false. Then, using the minimality of n again, the following (n -j + 1 + i)-crown 
and (j - i + l)-crown are supported in C, 
z,, . . . , z,-,3 u,, z,, . . 1 ZJ 3 
K?=(x ,,... ,x,;u,,y,+,, . . . . Y~;z,,...>z,-,,“~). 
Therefore, C,, is clearly supported in C between y, and zk for k # i,j. But C,, is 
supported between y, and z, since K, and K2 are supported between y,,u; and 
ui,z, respectively. Also C,, is supported between y, and z, since K, and K, are 
supported between y,, u, and u, ,z, respectively. 
We also need the following result from [2]. 
Lemma 9. Suppose a poset C contains C,, as a subcategory. Let e, = dom yj and 
p,=cody,, llisn. 
(a) If n = 2, then C contains C2 as a retract if and only if e, and ez are in 
different components of the full subcategory consisting of all u with u 5 p, and 
u “pz. 
(b) If n = 3, then C contains C, as a retract if and only if there is no e E C with 
cap,, lZi53. 
(c) If n > 3, then C contains C,, as a retract if and only if there is no e E C with 
esp,andesp, with l<j-i<n-1. 0 
Corollary 10 [2]. Let C be a dcc poset. Then cd,C 9 1 if and only if C does not 
contain C,, as a retract for some n 2 2. 
Proof. If C contains C,, as a retract, then cd& 2 cd,C,, = 2. Suppose cd& 2 2. 
Then, by Corollary 7, C contains an n-crown C,, for some n 2 2 that is not 
supported in C. Using Lemma 8 it is not hard, although tedious, to see that C,, is 
a subcategory of C, i.e. all vertices in C,, are distinct in C. When n = 2, it follows 
from (a) of Lemma 9 that C,, is a retract of C. The case where n > 2 follows 
immediately from Lemmas 8 and 9. 0 
Remark. To see that Corollary 10 is not true in general when C is not a poset, 
consider the category D generated by the following graph 
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a 
with relations xa = yb and xc = yd. Then D contains a 2-crown (x, y; a, d; c, b) 
that is not supported in D and so cd,D 2 2. But D does not contain any 2-crown 
as a retract. 
The R-homological dimension of a small category C can be defined by 
hd,C = wd AR, 
where wd denotes the weak dimension. Mitchell has pointed out that the 
following is included in the main result of [2]. 
Corollary 11. Suppose C is a poset. Then hd,C 5 1 if and onfy if C does not 
contain C,, as a retract. 
Proof. If C contains C,, as a retract, then hd,C 2 hd,C,, = 2. Hoppner and 
Lenzing [4] found a characterization of flat functors of Ju ’ where C is a poset. 
The characterization contains (III) as one of its conditions. It is not hard to show 
that N satisfies all the other conditions and so if hd,C 2 2, then N does not satisfy 
(III) and so C contains an n-crown, n 2 2, as a retract by following the argument 
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